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�à®¢¥¤¥­® â¥®à¥â¨ç¥áª®¥ ¨áá«¥¤®¢ ­¨¥ ä §®¢ëå ¯¥à¥å®¤®¢ ¢  ­â¨ä¥àà®¬ £­¨â­ëå á¢¥àåà¥è¥âª å.
� à ¬ª å ¬®¤¥«¨, ãç¨âë¢ îé¥© á«®¨áâãî áâàãªâãàã ¤ ­­ëå ¬ â¥à¨ «®¢, à ááç¨â ­ë £à ­¨æë

ãáâ®©ç¨¢®áâ¨ ä¥àà®¬ £­¨â­®© ¨  ­â¨ä¥àà®¬ £­¨â­®© ä §. � ¯à¥¤¥«¥ ¡®«ìè®£® ç¨á«  á«®¥¢

¯®«ãç¥­­ë¥ ¢ëà ¦¥­¨ï ï¢«ïîâáï â®ç­ë¬¨. �«ï ¬ «®£® ç¨á«  á«®¥¢ § ¤ ç  á¢®¤¨âáï ª ¯à®áâ®©

ç¨á«¥­­®© ¯à®æ¥¤ãà¥ à¥è¥­¨ï âà ­áæ¥­¤¥­â­®£® ãà ¢­¥­¨ï. �â¬¥ç¥­  áãé¥áâ¢¥­­ ï § ¢¨á¨¬®áâì

ªà¨â¨ç¥áª®£® ¯®«ï ®â ª®­áâ ­âë ¡¨ª¢ ¤à â­®£® ­¥£ ©§¥­¡¥à£®¢áª®£® ®¡¬¥­ .

� £­¨â­ë¥ á¢¥àåà¥è¥âª¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ç¥-
à¥¤ãîé¨¥áï á«®¨ à §«¨ç­ëå ¬ £­¨â­ëå ¬ â¥à¨ «®¢

¨ ï¢«ïîâáï ®¤­¨¬ ¨§ ­ ¨¡®«¥¥ ¯¥àá¯¥ªâ¨¢­ëå ¬ â¥-
à¨ «®¢ ¬¨ªà®í«¥ªâà®­¨ª¨. �¨£ ­âáª®¥ ¬ £­¨â®á®¯à®-
â¨¢«¥­¨¥, ¡®«ìè ï ¢¥«¨ç¨­  ­ ¬ £­¨ç¥­­®áâ¨ ¢¡«¨§¨
¯®¢¥àå­®áâ¨ ¯à¨¢«¥ª îâ ª íâ¨¬ ¬ â¥à¨ « ¬ ¡®«ìè®©

¨­â¥à¥á.
� ­ áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï ¡®«ìè®¥ ç¨á«® íªá¯¥à¨-

¬¥­â «ì­ëå à ¡®â, ¯®á¢ïé¥­­ëå ¨áá«¥¤®¢ ­¨î ¯à®-
æ¥áá®¢ ­ ¬ £­¨ç¨¢ ­¨ï ¨ ä §®¢ëå ¯¥à¥å®¤®¢ ¢ ¬ £-
­¨â­ëå á¢¥àåà¥è¥âª å (á¬., ­ ¯à¨¬¥à, [1,2]). �¤­ ª®
¯®«­®£® â¥®à¥â¨ç¥áª®£® ®¯¨á ­¨ï ¯®¢¥¤¥­¨ï ¬ £­¨â-
­®© áâàãªâãàë á¢¥àåà¥è¥âª¨ ¢® ¢­¥è­¥¬ ¬ £­¨â­®¬

¯®«¥ ­¥â. � ¬®¤¥«¨ ­¥¯à¥àë¢­®© áà¥¤ë ­¥ ®âà ¦¥­ 

á«®¨áâ ï ¤¨áªà¥â­ ï áâàãªâãà  íâ¨å ¬ â¥à¨ «®¢,  
¨á¯®«ì§®¢ ­¨¥ ç¨á«¥­­®£® ¬®¤¥«¨à®¢ ­¨ï ­¥ ¤ ¥â

¯®«­®© ª àâ¨­ë ¯à®¨áå®¤ïé¨å ¯à®æ¥áá®¢ [3].
�®¯ëâª  ¯à¥®¤®«¥âì íâ®â à §àë¢ ¯à¥¤¯à¨­ïâ  ¢

¤ ­­®© à ¡®â¥. � ª ç¥áâ¢¥ ¨áå®¤­®© ¬®¤¥«¨ ¬ë ¢§ï«¨

¤¨áªà¥â­ãî ¬®¤¥«ì ¬ £­¨â­®© á¢¥àåà¥è¥âª¨, ª®â®-
à ï ¨á¯®«ì§®¢ « áì à ­¥¥ ¢ à ¡®â å [4,5], ¨ á ¯®¬®-
éìî ¬¥â®¤®¢ ¬ âà¨ç­®£®  ­ «¨§  (á¬., ­ ¯à¨¬¥à, [6])
¯®«ãç¨«¨ àï¤  ­ «¨â¨ç¥áª¨å á®®â­®è¥­¨©, ¯®§¢®-
«ïîé¨å ¯®áâà®¨âì ¬ £­¨â­ãî ä §®¢ãî ¤¨ £à ¬¬ã

 ­â¨ä¥àà®¬ £­¨â­®© á¢¥àåà¥è¥âª¨ ¢® ¢­¥è­¥¬ ¬ £-
­¨â­®¬ ¯®«¥.

1. �áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨

ä¥àà®¬ £­¨â­®© ä §ë

�¥à¬®¤¨­ ¬¨ç¥áª¨© ¯®â¥­æ¨ « ¤«ï  ­â¨ä¥àà®¬ £-
­¨â­®© á¢¥àåà¥è¥âª¨ á ãç¥â®¬ ­¥£ ©§¥­¡¥à£®¢áª®-
£® ®¡¬¥­  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (á¬., ­ ¯à¨-
¬¥à, [4,5,7])
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£¤¥ h = dMH/λM2, k = dk′M2/λM2 — ¡¥§à §¬¥à­ë¥

¯ à ¬¥âàë, d — â®«é¨­  ¬ £­¨â­ëå á«®¥¢,M — ¬ £-

­¨â­ë© ¬®¬¥­â ¥¤¨­¨æë ¯«®é ¤¨ á«®ï, H — ¢­¥è­¥¥

¬ £­¨â­®¥ ¯®«¥, λ > 0 — ª®­áâ ­â , ®¯¨áë¢ îé ï
£ ©§¥­¡¥à£®¢áª®©  ­â¨ä¥àà®¬ £­¨â­ë© ®¡¬¥­ ¬¥¦¤ã

á«®ï¬¨, k′ — ª®­áâ ­â  ¬ £­¨â­®©  ­¨§®âà®¯¨¨, θi —
ã£®« ¬¥¦¤ã ­ ¬ £­¨ç¥­­®áâìî ¢ i-á«®¥ ¨ ¬ £­¨â­ë¬
¯®«¥¬.
�ë à áá¬®âà¨¬ á«ãç © k > 0, â. ¥. ª®£¤  ¬ £­¨â­®¥

¯®«¥ ¯¥à¯¥­¤ãªã«ïà­® «¥£ª®© ®á¨. �«ãç © k < 0
(H ¯ à ««¥«ì­® «¥£ª®© ®á¨) ¬®¦¥â ¡ëâì à áá¬®âà¥­
 ­ «®£¨ç­®. �â æ¨®­ à­ë¥ §­ ç¥­¨ï θ0

i ®¯à¥¤¥«ïîâ-
áï ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

∂F

∂θi
= 0. (2)

� ­­®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥ ï¢«ï¥âáï ãáâ®©ç¨-
¢ë¬, ¥á«¨ §­ ç¥­¨¥ â¥à¬®¤¨­ ¬¨ç¥áª®£® ¯®â¥­æ¨ « 
¢ íâ®¬ á®áâ®ï­¨¨ ¬¨­¨¬ «ì­®, â. ¥. ª¢ ¤à â¨ç­ ï

ä®à¬ , ®¡à §®¢ ­­ ï ¬ âà¨æ¥©

A =

∥∥∥∥ ∂2F
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i , θj=θ
0
j

, (3)

ï¢«ï¥âáï ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©.
�à¨â¨ç¥áª®¥ ¯®«¥ ¯¥à¥å®¤  ¢ ä¥àà®¬ £­¨â­ãî ä -

§ã ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ á®áâ®ï­¨ï

á θi = 0. �á«¨ θi = 0 í«¥¬¥­âë ¬ âà¨æë A ¨¬¥îâ ¢¨¤

A1, 1 = AN,N = J + h− k − 1,

Ai, i = 2J + h− k − 2, i = 2, . . . , N − 1,

Ai, i+1 = Ai+1, i = 1− J. (4)

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë (4) à ¢­ë (á¬.,
­ ¯à¨¬¥à, [6])

λj = h−k−4(1−J) sin2 π(j − 1)

2N
, j = 1, . . . , N. (5)

�áâ®©ç¨¢®áâì ä¥àà®¬ £­¨â­®£® á®áâ®ï­¨ï ®¯à¥¤¥-
«ï¥âáï ¨§ ãá«®¢¨ï ¯®«®¦¨â¥«ì­®áâ¨ ¬¨­¨¬ «ì­®£®

á®¡áâ¢¥­­®£® §­ ç¥­¨ï

h > hc2 = k + 4(1− J) cos2 π

2N
. (6)
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2. �áâ®©ç¨¢®áâì  ­â¨ä¥àà®¬ £­¨â­®£®

á®áâ®ï­¨ï

� áá¬®âà¨¬ â¥¯¥àì ãáâ®©ç¨¢®áâì  ­â¨ä¥àà®¬ £-
­¨â­®£® á®áâ®ï­¨ï, ¢ ª®â®à®¬ θ1 = θ3 = · · · = 0,
θ2 = θ4 = · · · = π. � «¥¥ ¤«ï ®¯à¥¤¥«¥­­®áâ¨ ¬ë

¡ã¤¥¬ áç¨â âì ç¨á«® á«®¥¢ ­¥ç¥â­ë¬ ¨ à ¢­ë¬ 2M−1.
� ­­®¥ ¯à¥¤¯®«®¦¥­¨¥ ­¥ ®ª §ë¢ ¥â áãé¥áâ¢¥­­®£®

¢«¨ï­¨ï ­  ¢¥«¨ç¨­ã ªà¨â¨ç¥áª®£® ¯®«ï ¨ ¢ â® ¦¥

¢à¥¬ï ¯®§¢®«ï¥â ã¯à®áâ¨âì ¢ëç¨á«¥­¨ï.
� á«ãç ¥  ­â¨ä¥àà®¬ £­¨â­®£® á®áâ®ï­¨ï í«¥¬¥­-

âë ¬ âà¨æë A à ¢­ë

A1, 1 = AN,N = J+h−k+1, A2i+1, 2i+1 = 2J+h−k+2,

A2i, 2i = 2J−h−k+2, Ai, i+1 = Ai+1, i = −1−J. (7)

�®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë A ®¯à¥¤¥«ïîâáï ¨§

ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ­¥âà¨¢¨ «ì­ëå à¥è¥­¨© á¨-
áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©

(Ai, j − λδi, j)xj = 0. (8)

�áª«îç¨¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨© (8) ¯¥à¥¬¥­­ë¥

á ç¥â­ë¬¨ ¨­¤¥ªá ¬¨. �®£¤  á®®â­®è¥­¨¥ (8) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

Bi, jx2j+1 = 0, (9)

£¤¥ í«¥¬¥­âë ¬ âà¨æë B à ¢­ë

B1, 1 = BM,M = γ + α,

Bi, i = γ, Bi, i+1 = Bi+1, i = 1,

γ = (1 + J)−2
(

(k + λ)2 − h2 − 4 (k + λ) (1 + J)
)
− 2,

α = 1 + (1 + J)−1(h− k − λ). (10)

�¥â¥à¬¨­ ­â ¬ âà¨æë B ¬®¦­® ¢ëç¨á«¨âì á ¯®-
¬®éìî áâ ­¤ àâ­®© ¯à®æ¥¤ãàë ¢ëç¨á«¥­¨ï á¯¥ªâà 

âà¥å¤¨ £®­ «ì­®© ¬ âà¨æë (á¬., ­ ¯à¨¬¥à, [6])

detB =
M∏
j=1

(
2 cos

jπ

M + 1
+ γ
)

+ 2α
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j=1

(
2 cos

jπ

M
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M−2∏
j=1

(
2 cos

jπ

M − 1
+ γ
)
. (11)

�ëç¨á«¨¢ ª®­¥ç­ë¥ ¯à®¨§¢¥¤¥­¨ï (á¬., ­ ¯à¨-
¬¥à, [8]), ãà ¢­¥­¨¥ detB = 0 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥

d2M+2−1−2αd (d2M−1) = α2d2 (d2M−2−1) = 0, (12)

£¤¥ (d = −γ +
√
γ2 − 4)/2. � ­­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â

¨­â¥à¥áãîé¨¥ ­ á à¥è¥­¨ï ¯à¨ γ2 < 4. � íâ®¬ á«ãç ¥
|d| = 1, ¯®íâ®¬ã ¢ëà ¦¥­¨¥ ¤«ï d ã¤®¡­® ¯à¥¤áâ ¢¨âì
¢ ¢¨¤¥ d = exp(iϕ). �®¤áâ ¢¨¢ ¢ëà ¦¥­¨¥ ¤«ï d ¢

(12), ¯®«ãç¨¬ á«¥¤ãîé¨¥ à¥è¥­¨ï ¤ ­­®£® ãà ¢­¥-
­¨ï:

ϕ =
πj

M
+

2arctg

M
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. (13)

�®®â­®è¥­¨ï (12), (13) á ãç¥â®¬ (10) ¯®§¢®«ïîâ ¯®«ã-
ç¨âì ãà ¢­¥­¨¥ ¤«ï á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë A
¢ ï¢­®¬ ¢¨¤¥

−
γ

2
= cos

(
πj

M
+

2arctg

M

√
4− γ2

2α+ γ

)
. (14)

�®ç­ë¥ à¥è¥­¨ï ãà ¢­¥­¨ï (14) ¬®¦­® ¯®«ãç¨âì

â®«ìª® á ¯®¬®éìî ç¨á«¥­­ëå ¬¥â®¤®¢. �® ¤«ï ¡®«ì-
è¨å M ¢â®àë¬ á« £ ¥¬ë¬ ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï

(14) ¬®¦­® ¯à¥­¥¡à¥çì. �à¨ íâ®¬ ¢ëà ¦¥­¨¥ ¤«ï

á®¡áâ¢¥­­ëå §­ ç¥­¨© λj ¨¬¥¥â ¢¨¤

λj = 2+2J−k±
[
h2+4 (1+J)2+2

(
1−cos

πj

M

)
(1+J)2

] 1
2

.

(15)
�§ á®®â­®è¥­¨ï (15) ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãá«®¢¨¥

ãáâ®©ç¨¢®áâ¨  ­â¨ä¥àà®¬ £­¨â­®© ä §ë:

h<hc1=
[
(2+2J−k)2−4(1+J)2−2

(
1−cos

π

M

)
(1+J)2

] 1
2

,

k < 2 + 2J. (16)

�­ «¨§ á®®â­®è¥­¨© (16) ¯®ª §ë¢ ¥â, çâ® ¯à¨ à¥-
 «ì­ëå §­ ç¥­¨ïå ¯ à ¬¥âà®¢ k ¨ J ¤ ­­ ï  ­â¨ä¥à-
à®¬ £­¨â­ ï ä §  ¢á¥£¤  ­¥ãáâ®©ç¨¢ . �â®â à¥§ã«ì-
â â ­¥ ï¢«ï¥âáï ­¥®¦¨¤ ­­ë¬, ¥£® ¬®¦­® ¯®«ãç¨âì,
®á­®¢ë¢ ïáì ­  ª ç¥áâ¢¥­­ëå á®®¡à ¦¥­¨ïå.

3. �áâ®©ç¨¢®áâì ä¥àà®¬ £­¨â­®©

¨  ­â¨ä¥àà®¬ £­¨â­®© ä § ¢ á«ãç ¥,
ª®£¤  ¬ £­¨â­®¥ ¯®«¥ ª®««¨­¥ à­®

«¥£ª®© ®á¨

�«ãç ©, ª®£¤  ¢­¥è­¥¥ ¬ £­¨â­®¥ ¯®«¥ ­ ¯à ¢«¥­®
¢¤®«ì «¥£ª®© ®á¨, ¬®¦¥â ¡ëâì à áá¬®âà¥­  ­ «®-
£¨ç­®. �à¨ íâ®¬ ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ®áâ îâáï

á¯à ¢¥¤«¨¢ë¬¨ á â®ç­®áâìî ¤® § ¬¥­ë k ­  −k.
�áâ®©ç¨¢®áâì ä¥àà®¬ £­¨â­®© ä §ë ¯à¨ ¤ ­­®©

®à¨¥­â æ¨¨ ¬ £­¨â­®£® ¯®«ï ®â­®á¨â¥«ì­® «¥£ª®© ®á¨

®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï

h > hc2 = −k̃ + 4 (1− J) cos2 π

2N
. (17)

�­â¨ä¥àà®¬ £­¨â­ ï ä §  ãáâ®©ç¨¢  ¯à¨

h < hc1 =
[
k2 + 4k̃(1 + J)− 2

(
1 + cos

π

M

)
(1 + J)2

] 1
2

.

2 + 2J = k̃ > 0. (18)

�§ á®®â­®è¥­¨© (17), (18) á«¥¤ã¥â, çâ® ®¡« áâ¨

ãáâ®©ç¨¢®áâ¨ ä¥àà®¬ £­¨â­®© ¨  ­â¨ä¥àà®¬ £­¨â-
­®© ä § ¯¥à¥ªàë¢ îâáï. �à¨ íâ®¬ ä §®¢ë© ¯¥à¥-
å®¤ ®â  ­â¨ä¥àà®¬ £­¨â­®© ä §ë ª ä¥àà®¬ £­¨â­®©

ï¢«ï¥âáï ä §®¢ë¬ ¯¥à¥å®¤®¬ ¯¥à¢®£® à®¤ .
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� ¤ ­­®© à ¡®â¥ ¢ë¯®«­¥­ë à áç¥âë ªà¨â¨ç¥áª¨å

¯®«¥© hc1 ¨ hc2 ¤«ï  ­¨§®âà®¯­®© ¬ £­¨â­®© á¢¥àå-
à¥è¥âª¨. �«ï á«ãç ï ¡®«ìè®£® ç¨á«  á«®¥¢ ¯®«ãç¥­-
­ë¥ à¥§ã«ìâ âë ï¢«ïîâáï â®ç­ë¬¨. �à¥¤«®¦¥­­ë©
¢ ¤ ­­®© à ¡®â¥ ¬¥â®¤ â¥®à¥â¨ç¥áª®£® ¨áá«¥¤®¢ -
­¨ï ä §®¢ëå ¯¥à¥å®¤®¢ ¢ ¬ £­¨â­ëå á¢¥àåà¥è¥âª å

ï¢«ï¥âáï ¤®áâ â®ç­® ®¡é¨¬ ¨ ¬®¦¥â ¨á¯®«ì§®¢ âìáï

¯à¨ ¨áá«¥¤®¢ ­¨¨ á¢®©áâ¢ ¤àã£¨å á«®¨áâëå áâàãªâãà

­ ­®¬¥âà®¢®£® ¬ áèâ ¡ .
�â¬¥â¨¬ á«¥¤ãîé¨¥ ¨­â¥à¥á­ë¥ à¥§ã«ìâ âë, ¯®«ã-

ç¥­­ë¥ ¢ ­ áâ®ïé¥© à ¡®â¥. �¥à¥å®¤ ¢ ä¥àà®¬ £­¨â-
­®¥ á®áâ®ï­¨¥ ¢® ¢­¥è­¥¬ ¯®«¥ ï¢«ï¥âáï ä §®¢ë¬

¯¥à¥å®¤®¬ ¢â®à®£® à®¤ , ¥á«¨ ¬ £­¨â­®¥ ¯®«¥ ¯¥à¯¥­-
¤¨ªã«ïà­® «¥£ª®© ®á¨, ¨ ä §®¢ë¬ ¯¥à¥å®¤®¬ ¯¥à¢®£®

à®¤ , ¥á«¨ ¬ £­¨â­®¥ ¯®«¥ ª®««¨­¥ à­® «¥£ª®© ®á¨.
�­ «¨§ ¯®«ãç¥­­ëå ¢ëà ¦¥­¨© ¤«ï ¯®«ï hc1 (16),
(18) ¯®ª §ë¢ ¥â á¨«ì­ãî § ¢¨á¨¬®áâì ¢¥«¨ç¨­ë ªà¨-
â¨ç¥áª®£® ¯®«ï ®â ª®­áâ ­âë ¤¢ãåæ¥­âà®¢®£® ­¥£ ©-
§¥­¡¥à£®¢áª®£® ®¡¬¥­  ¢â®à®£® ¯®àï¤ª .
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