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In this work, we have studied the optical absorption coefficients and refractive index changes in spherical

quantum antidots with hydrogenic donor impurity at the center. For this purpose, the energy spectrum and

wavefunctions are first determined, analytically. Then, we have used analytical expressions for the intersubband

absorption coefficients and refractive index changes obtained by the compact density matrix formalism. The results

show that i) total absorption coeficient increase with increasing size of antidot, ii) the refractive index changes

decrease with decreasing antidot size.

1. Introduction

In the past few years, low-dimensional semiconductor

systems have been received considerable attention due

to their fundamental properties and their wide range of

applications [1–3]. One of the most intensively explored

classes of the systems is the class of quantum antidots.

Modern microfabrication technology has allowed scientists

to fabricate quantum antidots. Quantum confinement of

charge carriers in quantum antidots leads to formation of

discrete energy levels and the change of electronic and

optical properties [4–6].

Recent advances in the fabrication of semiconductor

nanostructures like molecular beam epitaxy and metal

organic vapor-phase epitaxy makes it possible to construct

semiconductor nano-scale objects with a wide range of ge-

ometries. Among the semiconductor nano-scale structures,

a great attention has been devoted to the physics of the

semiconductor quantum antidots (QAD) mainly due to their

applications in optics and optoelectronics [7–9].

QADs confine charge carriers in two or three dimensions

and their size, shape, and other properties can be controlled

in experiments. This attractiveness, the controlling physical

properties of a QAD, is not only from the fundamental sci-

entific point of view, but also for its potential application in

the development of semiconductor optoelectronics devices.

In recent years, the electronic properties of QADs have been

widely studied [10,11].

Hitherto, some works have been made about electronic

properties of QADs [10–13]. In the present work, we

intend to study the optical properties of a medium with

an ensemble of antidots. We first solve analytically the

Schrödinger equation to obtain the energy levels and

wavefunctions. Using the obtained energy levels and wave-

functions, we calculate the optical properties of spherical

hedrogenic QADs. The purpose of the present work is to

¶ E-mail: khordad@mail.yu.ac.ir

obtain the changes in the linear and third order non-linear

refractive index we well as absorption coefficient for the

GaAs/AlxGa1−xAs medium in the presence of hydrogenic

antidot, using the density matrix formalism. It is to be noted

that the antidots are single charged by electrons.

The paper is organized as follows: In Sec. 2, an QAD

is described. Then, the electron energy levels and wave

functions are presented analytically. In Sec. 3, analytical

expressions for the total intersubband optical absorption

coeficients and refractive index changes are obtained using

the density matrix approach. The results and discussion are

presented in Sec. 4 and finally, the conclusion is summarized

in Sec. 5.

2. Theory and model

In this part, we intend to study the energy levels of

semiconductor quantum antidots within the effective mass

approximation. The Hamiltonian a single electron in a

quantum antidots can be written as

H = −
~
2

2m∗
∇2 + V (r), (1)

where m∗ is the electron effective mass and V (r) represents
a confinement potential. This potential energy function of

the hydrogenic quantum antidots is given by

V (r) =







V0 −
e2

εr , r < r0

− e2

εr , r > r0,
(2)

where r0 is the antidot’s radius, ε is the dielectric constant

of the medium, and V0 is the height of the potential energy

barrier. It is to be noted that the potential energy barrier V0,

arises due to a mismatch between the electronic affinities of

the two regions.

To find wavefunctions and energy levels of the Hamil-

tonian (1), we must solve the Schrödinger equation using
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separable method, ψ(r, θ, ϕ) = R(r)Y (θ, ϕ). With respect

to Eqs (1) and (2), the Schrödinger equation can be

reduced to the radial equation which depends on only one

coordinate.

Since the potential (2) is spherically symmetric, we are

going to use the spherical coordinates. In the spherical

coordinates, the radial part of the Schrödinger equation in

the two regions, is given by

−
~
2

2m∗

[

1

r
d
dr

(

r
d
dr

)

+
1

r
d
dr

−
l(l + 1)

r2

]

R1(r)

+

(

E −V0 +
e2

εr

)

R1(r) = 0, r < r0, (3)

and

−
~
2

2m∗

[

1

r
d

dr

(

r
d

dr

)

+
1

r
d

dr
−

l(l + 1)

r2

]

R2(r)

+

(

E +
e2

εr

)

R2(r) = 0, r > r0. (4)

The solutions of above equation yield the allowed energy

eigenvalues E and the corresponding wave functions R(r).
To solve Eqs (3) and (4), we use the following definitions:

α2
1 = −

8m∗(E −V0)

~2
, α2

2 = −
8m∗(E)

~2
,

λ1 =
2m∗e2

ε~2α2
1

, λ2 =
2m∗e2

ε~2α2
2

. (5)

Also, we apply the following change of variables

ρ1 = α1r, ρ2 = α2r. (6)

Now, using the definition Ri(ρ) = 1
ρ

Gi(ρ) (i = 1, 2), the

Schrödinger equations (3) and (4) convert to the following

equations [13]:

d2G1(ρ1)

dρ21
+

(

−
1

4
+
λ1

ρ1
+

1
4
− (l + 1

2
)2

ρ21

)

G1(ρ1) = 0,

r < r0, (7)

d2G2(ρ2)

dρ22
+

(

−
1

4
+
λ2

ρ2
+

1
4
− (l + 1

2
)2

ρ22

)

G2(ρ2) = 0,

r > r0. (8)

It is worth mentioning that these equations are the Whit-

taker equations [4]. Now we can write the most general

solutions in terms of the Whittaker functions as below

G1(ρ1) = A1U1

(

λ1, l +
1

2
; ρ1

)

+ B1W1

(

λ1, l +
1

2
; ρ1

)

,

r < r0, (9)

G2(ρ2) = A2U2

(

λ2, l +
1

2
; ρ2

)

+ B2W2

(

λ2, l +
1

2
; ρ2

)

,

r > r0 (10)

where Ui and Wi are the Whittaker functions. Also, Ai and

B i are normalication constants which must be determine by

the continuity and the asymptotic conditions. Considering

the asymptotic behaviors of the wavefunctions, we have

A2 = B1 = 0 due to the Whittaker functions W1 and U2

diverge at the origin and infinity, respectively. Now, using

the relation Ri(ρ) = 1
ρ

Gi(ρ), one can write the radial part

of the wavefunctions as below

R1(ρ1) =
1

ρ1
G1(ρ1) =

A1

ρ1
U1

(

λ1, l +
1

2
; ρ1

)

, r < r0,

(11)

R2(ρ2) =
1

ρ2
G2(ρ2) =

B2

ρ2
W2

(

λ2, l +
1

2
; ρ2

)

, r > r0.

(12)

Here, we can use the relation between the Whittaker

functions and the hypergeometric functions [14]. Therefore,
the radial part of the wavefunctions reduces to

R1(ρ1) = A1ρ
l
1 exp

(

−
ρ1

2

)

M1(l + 1− λ1, 2 + 2l; ρ1),

r < r0, (13)

R2(ρ2) = B2ρ
l
2 exp

(

−
ρ2

2

)

M2(l + 1− λ2, 2 + 2l; ρ2),

r > r0, (14)

where M1 and M2 are the hypergeometric functions [14].
Therefore, the total wave function can be written as

ψλlm(r, θ, ϕ) = Rλl(r)Ylm(θ, ϕ). There are three quantum

numbers in this wave function.

3. Optical absorption coefficients
and refractive index changes

In this section we used the density matrix formalism to

calculate the refractive index changes and optical absorption

coeficients for a quantum antidot structure, corresponding

to an optical transition between two subbands. It should

note that the antidots are single charged by electrons.

As we know, the system under study can be excited by

an electromagnetic field of frequency ω, such as

E(t) = Ẽeiωt + Ẽe−iωt . (15)

The time evolution of the matrix elements of one-electron

density operator, ρ, can be written as [15,16]

∂ρ

∂t
=

1

i~

[

H0 − qz E(t), ρ
]

− Ŵ(ρ − ρ(0)), (16)

where H0 is the Hamiltonian for this system without the

electromagnetic field E(t), q is the electronic charge. The

symbol [∼] is the quantum mechanical commutator, ρ(0)
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is the unperturbed density matrix operator, and Ŵ is the

phenomenological operator responsible for the damping

due to the electron-phonon interaction, collisions among

electrons, etc. This phenomenological damping term

indicates that ρ relaxes to its equilibrium value ρ(0) at rate

Ŵ. Since Ŵ is a decay rate, it is assumed that Ŵnm = Ŵmn.

In addition, we make the physical assumption that ρ
(0)
mn = 0

for m 6= n.
It is assumed that Ŵ is a diagonal matrix and its elements

are equal to the inverse of relaxation time T (Ŵmm = 1
Tmm

).

The damping rates Ŵmn for the off-diagonal elements of the

density matrix are not entirely independent of the damping

rates of the diagonal elements. In fact, under quite general

conditions the off-diagonal elements can be represented as

Ŵmn =
1

2
(Ŵmm + Ŵnn), (17)

where Ŵm and Ŵn denote the total decay rates of population

out levels m and n, respectively [17].
Eq. (16) can be solved using the standard iterative

method by expanding ρ [18]:

ρ(t) =
∑

n

ρ(n)(t), (18)

with

∂ρ
(n+1)
i j

∂t
=

1

i~
[H0, ρ

(n+1)]i j − Ŵi jρ
(n+1)
i j −

1

i~
[qx , ρ(n)]i j E(t).

(19)

For simplicity, we shall only confine our attention to two-

level electronic systems for electronic transitions. Therefore,

the electronic polarization P(t) and susceptibility χ(t) are

expressed by dipole operator M and density matrix ρ

P(t) = ε0χ(ω)Ẽe−iωt + ε0χ(−ω)Ẽ∗eiωt =
1

V
Tr(ρM),

(20)

where ρ and V are the one-electron density matrix and the

volume of the system, ε0 is the permittivity of free space,

and the symbol Tr (trace) denotes the summation over the

diagonal elements of the matrix.

The analytical forms of the linear χ(1) and the third-order

nonlinear χ(3) susceptibility coeficients are obtained from

Eqs (19) and (20) as

ε0χ
(1)(ω) =

σv |M21|
2

E21 − ~ω − i~Ŵ12
, (21)

ε0χ
(3)(ω) = −

σv |M21|
2|E|2

E21 − ~ω − i~Ŵ12

[

4|M21|
2

(E21 − ~ω)2 + (~Ŵ12)2

−
(M22 − M11)

2

(E21 − i~Ŵ12)(E21 − ~ω − i~Ŵ12)

]

, (22)

where σv is the density of antidots. The refractive index

changes is related to the susceptibility as [19]

1n(ω)

nr
= Re

[

χ(ω)

2n2
r

]

, (23)

where nr is the refractive index. By using Eqs (21)−(23),
the linear and the third-order nonlinear refractive index

changes can be expressed as [19]

1n(1)(ω)

nr
=
σv |M21|

2

2n2
rε0

[

E21 − ~ω

(E21 − ~ω)2 + (~Ŵ12)2

]

, (24)

and

1n(3)(ω)

nr
= −

σv |M21|
2

4n3
r ε0

µcI
[(E21 − ~ω)2 + (~Ŵ12)2]2

×

[

4(E21 − ~ω)|M21|
2 −

(M22 − M11)
2

(E21)2 + (~Ŵ12)2

{

(E21 − ~ω)

×
[

E21(E21 − ~ω) − (~Ŵ12)
2
]

− (~Ŵ12)
2(2E21 − ~ω)

}

]

,

(25)

where µ is the permeability, Ei j = Ei − E j , and

M i j = |〈ψi |qz |ψ j〉| is the electric dipole moment matrix

element. Since the electromagnetic field is in the z
direction, we have applied the following selection rules

1l = 1, 1m = 0 for optical transitions.

The symbol I is the optical intensity of the incident wave

and expressed as

I = 2

√

εR

µ
|E(ω)|2 =

2nr

µc
|E(ω)|2, (26)

where c is the speed of light in free space.

The transition dipole moment or transition moment M i j ,

usually denoted for a transition between an initial state, i ,
and a final state, j , is the electric dipole moment associated

with the transition between the two states. In ganeral,

the transition dipole moment is a complex vector quantity

that includes the phase factors associated with the two

states. Its direction gives the platrization of the transition,

which determines how the system will interact with an

electromagnetic wave of a given polarization, while the

square of the magnitude gives the strength of the interaction

due to the distribution of charge within the system. The

SI unit of the transition dipole moment is the Coulomb-

meter (Cm); a more conveniently sized unit is the Debye

(D). The transition dipole moment for the transition is given

by the relevant off-diagonal element of the diople of matrix,

which can be calculated from an integral taken over the

product of the wavefunctions of the initial and final states

of the transition, and the dipole moment operator. On the

basis of the implicit assumption that the initial and final

states have definite parity, the diagonal elements of the

dipole moment matrix are equal to zero (a consequence

of symmetry considerations).
Using Eqs. (24) and (25), one can write the total

refractive index change as

1n(ω)

nr
=
1n(1)(ω)

nr
+
1n(3)(ω)

nr
. (27)

The susceptibility χ(ω) is related to the absorption

coefficient α(ω) and real part of permittivity εR as:

α(ω) = ω

√

µ

εR
Im[ε0χ(ω)]. (28)
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Now, the linear and third-order nonlinear absorption

coefficient can be written as [14,20]

α(1)(ω) = ω

√

µ

εR

[

σv~Ŵ12|M21|
2

(E21 − ~ω)2 + (~Ŵ12)2

]

, (29)

α(3)(ω, I) = −ω

√

µ

εR

(

I
2ε0nr c

)

σv~Ŵ12|M21|
2

[(E21 − ~ω)2 + (~Ŵ12)2]2

×

{

4|M21|
2 −

[3E2
21 − 4E21~ω + ~

2(ω2 − Ŵ212)]

E2
21 + (~Ŵ21)2

}

. (30)

Using Eqs (29) and (30), one can express the total

absorption coefficient α(ω, I) as [14,16]

α(ω, I) = α(1)(ω) + α(3)(ω, I). (31)

4. Numerical results

In the following, we will discuss the total refractive index

and absorption coefficient changes in GaAs/AlxGa1−xAs

semiconductor quantum antidots. Here, x is the Al

concentration. It is worth mentioning that V0 is related to

Al concentration as

V0 [eV] = 0.6(1.04x + 0.47x2). (32)

The used parameters for GaAs/AlxGa1−xAs semiconductor

quantum antidot are: nr = 3.2, T12 = 0.2 ps, Ŵ12 = 1/T12,

and σv = 3.0 · 1016 cm−3, a0 = ~
2ε

m∗e2 , and Ry = m∗e4

2~2ε2
.

In Fig. 1, the total refractive index changes is plotted as

a function of the photon energy for five different antidot

size 0.01, 1.0, 2.0, 6, and 10a0 with I = 0.2MW/cm2 and

V0 = 2Ry. This figure clearly shows that the total refractive

index change is related strongly to the antidot size. As the

antidot size increases, the total refractive index changes

Figure 1. The total refractive index changes as a function of the

photon energy for five different antidot size r0 . The parameters

used in this figure are and I = 0.2MW/cm2 and V0 = 2Ry.

Figure 2. The total refractive index changes as a function of

the photon energy for four different potential heights V0 . The

parameters used in this figure are r0 = 2a0 and I = 0.2MW/cm2 .

Figure 3. The total absorption coefficient as a function of

the photon energy for four different potential heights V0 . The

parameters used in this figure are r0 = 2a0 and I = 0.2MW/cm2 .

increase and also shift towards lower energies. This is

because the energy difference decreases when the antidot

size increases for a fixed potential height.

In Fig. 2, we have plotted the total refractive index

changes as a function of the photon energy for four

potential height 1, 2, 5, and 10Ry with I = 0.2MW/cm2

and r0 = 2a0. From this figure, it can be seen that the total

refractive index change is related to potential height. As the

potential height rises, the total refractive index changes have

been reduced in magnitude and also shifted towards higher

energies. The main reason for this resonance shift is the

increment in energy interval of two different electronic states

between which an optical transition occurs.
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Figure 4. The total absorption coefficient as a function of the

photon energy for five different antidot size r0 . The parameters

used in this figure are and I = 0.2MW/cm2 and V0 = 2Ry.

In Fig. 3, the variations of total absorption coefficient are

plotted as a function of the photon energy with a constant

intensity of I = 0.2MW/cm2 for four different potential

heights. This figure clearly shows that the peak value of

absorption coefficient is directly related to potential height,

and, simultaneously, the absorption maximum shifts towards

higher energies for increasing potential height.

Fig. 4 shows the total absorption coefficient changes as

a function of photon energy with I = 0.2MW/cm2 and

V0 = 2Ry for five different antidot size as 0.01, 0.1, 2, 6,

and 10a0. Total absorption coefficient change has strongly

related to the antidot size, exhibited a red shift as antidot

size increases. Moreover, it is obvious form the figure that

the magnitude of total absorption coefficient will decrease

when the antidot size increases.

5. Conclusion

In this work, we have studied the optical properties

of spherical hydrogenic QADs. The antidots are single

charged by electrons. We have analytically solved the

Schrödinger equation and obtained the energy eigenvalues

and wavefunctions. Then, we have calculated the optical ab-

sorption coefficients and refractive index changes. We know

that the intersubband electronic transitions of the spherical

hydrogenic antidots, alter the refractive index we well as the

absorption coefficient of the semiconductor medium. In fact

the presence of hydrogenic antidot modulates the electronic

wave functions and changes the energy levels, thus changing

the optical properties of the host medium. The purpose of

the present paper is therefore to calculate these changes in

the lineal and third order non-linear refractive index as well

as absorption coefficient for the medium in the presence of

hydrogenic antidot, using the density metrix formalism first

introduced in this context in Ref. [17] and used frequently

by many authors.

According to the results, we have deduced that i) the

total refractive index change increase and also shift towards

lower energies as the antidot size increases, ii) when the

potential height rises, the total refractive index changes

have been reduced in magnitude and also shifted towards

higher energies, iii) the peak value of absorption coefficient

shifts towards higher energies for increasing potential

height, iv) the magnitude of total absorption coefficient will

decrease when the antidot size increases.

In summary, it is deduced that antidot size and the

potential height play important roles to study the optical

properties of spherical hydrogenic QADs.
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